We consider the high probability state transfers and entanglements between different nodes of the spin-1/2 chains governed by the XXZ-Hamiltonian using the inhomogeneous stationary external magnetic field. Examples of three-, four-, ten-and twenty-node chains are represented. A variant of realization of the proper inhomogeneous magnetic field is discussed.
Nevertheless, the practical implementation of the quantum state transfer in the above chains is difficult because one has either to construct chains with given set of coupling constants (see the 1st-4th items above) or organize the switching magnetic field at the receiving end node (see the 5th item above). The problem of the quantum state transfer to inner nodes of the chain is even more complicated. However, this problem is important both for the construction of quantum registers and for the information distribution among different receivers. Two different methods allowing one to distribute the quantum state among many different nodes of spin-1/2 system are suggested in [15] (the line chains of 2 n nodes with week bonds which are properly distributed along the chain; here n is an arbitrary positive integer) and [16] (the simplest two-and three-dimensional spin systems of four and eight nodes respectively).
Other problems requiring further study are the realization of the strong entanglement between any two nodes of the quantum system and the relation between entanglements and quantum state transfer probabilities. In particular, it is shown that the HPST between the nth and the mth nodes does not always require the strong entanglement between these nodes [9, 16] .
Usually, quantum state transfers and entanglements are studied in the strong homogeneous magnetic field. However, inhomogeneous magnetic field may be also helpful. Thus, a Heisenberg model with the parabolic magnetic field has been used for the wave packet transfer along the chain (rather than for the single state transfer) [17] .
In this paper, we suggest an alternative method providing both the arbitrary quantum state transfer and the entanglement between different nodes (not only between the end nodes) of one-dimensional homogeneous spin chains using a stationary inhomogeneous magnetic field. We show that, in general, the HPST between the nth and the mth nodes causes the strong entanglement between these nodes, however the time moment corresponding to the strong entanglement may be very large. The opposite is also true, i.e. the strong entanglement between the nth and the mth nodes at some time moment causes the HPST but the time interval required for such transfer may be very long.
We will use model with dipole-dipole interactions among all nodes throughout this paper. This is important, because approximation of nearest neighbor interactions yields wrong results in the case of dipole-dipole interactions. In particular, the state transfer time intervals become much longer in comparison with those which have been obtained using all interactions.
Although we do not give a proper theoretical explanation of the mechanism of such transfers (some explanation is given in Sec.II, see eq. (8)), we represent results of the numerical simulations for the chains of three, four, ten and twenty nodes. Remark, that the problem of state transfer (and entanglement) between any nodes is nontrivial even for short chains. In particular, it is impossible to realize the HPST from the first to the second node of the three node chain in homogeneous magnetic field plying with coupling constants only. For this reason, we consider the state transfer problem for the short chains of three and four nodes.
Regarding longer chains (of ten and twenty nodes) we represent only results concerning the end-to-end HPST and the realization of the strong entanglement between the end nodes.
Note, nevertheless, that the state transfers to inner nodes of such chains have also been realized in our numerical simulations.
We also suggest a method for generation of inhomogeneous magnetic field using a system of direct currents properly distributed with respect to the spin chain.
The basic advantage of our approach to the quantum state transfer problem is that the transmission line is represented by the homogeneous chain which may be produced simpler then inhomogeneous one. The HPSTs and entanglements between different nodes (not only between the end nodes) in such transmission line are organized by some additional environment generating the proper inhomogeneous magnetic field.
We recall the definitions of HPST and entanglement in the spin-1/2 chain with XXZ Hamiltonian in Sec.II. A method allowing one to generate the required distribution of the inhomogeneous magnetic field is discussed in Sec.II A. The HPSTs and entanglements between different nodes of the three-and four-node chains as well as between the end nodes of the ten-and twenty-node chains are discussed in Sec.III. Finally, we give conclusions in Sec.IV.
II. HPSTS AND ENTANGLEMENTS IN THE SPIN-1/2 CHAINS WITH XXZ

HAMILTONIAN
We study the quantum state transfers among different nodes of the homogeneous spin-1/2 chain governed by the XXZ Hamiltonian in the presence of the z-directed strong external inhomogeneous magnetic field which is perpendicular to the chain:
where γ is the gyromagnetic ratio, r i,j is the distance between the ith and the jth spins, I i,α is the projection operator of the ith spin on the α axis, α = x, y, z, D i,j is the dipoledipole coupling constant between the ith and the jth nodes, Ω i = γh i , Ω = γh, h i is the inhomogeneous part of the magnetic field generated in the ith node by some special environment (for instance, by the system of direct currents, see Sec.II A), h is the external homogeneous magnetic field. h i and h > 0 are z-coordinates of h i and h respectively.
The field h must be strong enough in order to provide positivity of the Larmor frequencies which are Ω i + Ω, i = 1, . . . , N. This Hamiltonian describes the secular part of the dipoledipole interaction in the strong external magnetic field [18] . Let a be the distance between the neighboring nodes. We denote
Hereafter, we will use the dimensionless quantities such as time τ , coupling constants d n ,
Larmor frequencies ω n and distances ξ n,m , which are defined as follows:
Using definitions (2) and taking into account that D 1 = γ 2 /a 3 , the Hamiltonian (1) may be written as follows:
It is important, that the Hamiltonian (1) commutes with I z (z-projection of the total spin):
This means that both H and I z have the common set of eigenvectors. Since we study the problem of single quantum state transfer, the Hamiltonian is representable in the basis of N eigenvectors |n , n = 1, . . . , N. Here Dirac notation |j means that jth spin is excited,
i.e. directed opposite to the external magnetic field. Then the matrix representationH of the HamiltonianH is following:
where I is the N × N identity matrix.
We assume that the k 0 th node is excited initially. In order to characterize the effectiveness of the quantum state transfer from the k 0 th to the nth node, the fidelity F k 0 ,n (t) has been introduced [1] :
where f n,m is the transition amplitude:
Here u i,j , i, j, = 1, . . . , N, are components of the normalized eigenvector u j corresponding to the eigenvalue λ j of the matrix D: Du j = λ j u j . It was noted [1] that any particular Γ i,j may be put to zero by the proper choice of the constant homogeneous magnetic field (if the end-to-end state transfer is considered then Γ 1N may be put to zero). This remark has been generalized in [15] , where all Γ i,j have been compensated by the proper choice of the timedependent homogeneous magnetic field, i.e. ω must be replaced byω(τ ) in eq.(3). However we do not consider the problem of compensation of Γ i,j (a solution of this problem is given in [15] ) and take ω independent on τ as well as Γ i,j = 0 in eq. (6) . Then the fidelity F k 0 ,n is uniquely defined by |f k 0 ,n |. For this reason, we consider the probability
instead of F k 0 ,n as the characteristic of the quantum state transfer from the k 0 th to the nth node. The fact that we are going to consider the exited state transfer (instead of arbitrary state transfer) justifies our choice of the basis consisting of N eigenvectors. Otherwise this basis would consist of N +1 vectors including the eigenvector |0 corresponding to the ground state. In addition, as far as the homogeneous part of the magnetic field does not effect the probability of the state transfer, we take ω = 0 for the sake of simplicity and refer to ω i as Larmor frequencies.
It is known [5] that the PST requires, for some time τ 0 ,
where φ 0 is some arbitrary phase and n k are arbitrary integers. This is a simple condition for eigenvalues λ k , but it is hard to reconstruct the full original HamiltonianH corresponding to these eigenvalues [10] . This problem may be correctly solved only for the approximation of nearest neighbor interaction [5] , which is not considered here. Regarding the analytical study of the HPSTs, the situation is even more complicated since condition (8) is not satisfied precisely in this case. For this reason we use numerical simulations to find Larmor frequencies ω i which provide good parameters of HPSTs.
We will use the Wootters criterion with the concurrence C n,m as the measure of entanglement between the nth and the mth nodes. In this case, the following formula is valid:
relating the concurrence with the excited state transfer probabilities [9, 16, 19] . Here n, m and k 0 are arbitrary nodes of the chain.
The following general notations will be used throughout this paper:
,m ) and τ P k 0 ,m for the probability of the HPST and the time interval required for the HPST from the k 0 th to the mth node of the N-node chain • The HPST from the k 0 th to the ntn node is referred to as HPST k 0 ,n .
• We refer to the set of parameters
as the parameters of the HPST n,m .
We will see that Larmor frequencies ω i , i = 1, . . . , N, providing HPST n,m with short 
A. Inhomogeneous magnetic field
We describe a variant of the practical realization of the proper inhomogeneous magnetic field along the spin chain in this section. Let j 1 be the direct current directed along x-axis which is perpendicular to both the spin chain and the z-axis (so that the magnetic field of this current is z-directed). The z-coordinate h 1 of the magnetic field generated by this current is following:
where j 1 is the x-coordinate of j 1 (which may be either positive or negative) c is the light velocity r 1 = | r 1 | is the distance between the given point and the wire with current.
Of course, using the system of direct currents, we are able to generate more complicated magnetic field. For instance, let our chain belong to some plane A and all currents are directed perpendicular to this plane, see Fig.1 . It is simple to see that one can generate
arbitrary Ω m , m = 1, . . . , N, in all nodes of the spin chain using the system of N currents.
In order to provide the symmetry
which is required for the end-to-end state transfer, we take the M = N 0 currents in one side of the chain and N 0 symmetrically placed but oppositely directed currents in another side of the chain. All currents cross the plane A along the line containing the chain. Thus
where j k = | j k |, r k ≡ | r k | is the distance between the current j k and the first node, k = 1, . . . , N 0 , see Fig.1 .
III. HPSTS AND ENTANGLEMENTS BETWEEN DIFFERENT NODES OF THE SPIN CHAINS
We describe HPSTs and entanglements between different nodes in chains of different length. The simplest nontrivial chain is the three-node one. Parameters of different HPSTs are given in Table I . Parameters of HPSTs in the four-node chain are represented in Table   II . The three-and four-node chains represent examples of simplest spin systems allowing one to destribute the quantum state between several receivers as well as to organize strong entanglement between any two nodes, which is shown in Tables I and II. Similarly, one can consider state transfers and entanglements between any two nodes in longer chains. However, we concentrate on the end-to-end state transfer and entanglement. We consider four examples of the HPSTs between the end nodes of the ten-node chain, see Table III . The first example corresponds to all zero ω i , exept ω 1 = ω 10 , which is single optimization parameter (see the first row in the table); the second example corresponds to all zero ω i except ω 1 = ω 10 , ω 2 = ω 9 , which are two optimization parameters (see the second and the third rows in the table); the third example corresponds to all zero ω i except ω 1 = ω 10 , ω 2 = ω 9 , ω 3 = ω 8 , which are three optimization parameters (see the 4th and the 5th rows in the table). Four last columns of Table III show us that each subsequent example improves parameters of the HPST. One must expect that the best parameters will correspond to all nonzero ω i having proper values. However, this is very complicated optimization problem which is not considered here. To demonstrate general behavior of probabilities and concurrences we show proper curves for the case of three pairs of nonzero Larmor frequencies in Fig.2 .
We have all fixed Larmor frequencies which are either zero or nonzero in three above examples. This may be done in the experiment using a system of ten currents (five currents in each side of the chain, see Fig.1 where M = 5, N = 10) and solving the system (14) with placed with respect to the spin chain, i.e. M = 1 in Fig.1 and N 0 = 1 in eq.(14) . In accordance to eq. (14) , the distribution of ω n generated by one pair of the direct currents is
The parameters of HPSTs corresponding to fixed ξ = 20 and optimized b are represented in Table III , see the 6th and the 7th rows. We see that the strong end-to-end entanglement does not assume the end-to-end HPST during reasonable time interval and vise-verse. Parameters τ P 1,10 , τ C 1,10 are better while parametersP 1,10 andC 1,10 are comparable with those which have been found in the first example (see the first row in Table III) .
Similarly, we represent the results of the same four experiments in the twenty-node chain, see Table IV . We see that the time intervals t P and t C corresponding to the 10-node chains Tables III and IV) , while these parameters defers by the factor about 2 in the case of three nonzero pairs of Larmor frequencies (compare the 4th and the 5th rows of Table III with the 3rd and the 4th rows of Table IV) . Note also that parameters of the HPSTs found in the experiment with the magnetic field generated by the system of two currents are comparable with those which have been found in the experiment with single pair of nonzero Larmor frequencies (compare the fifth and the first rows in Table IV) .
A. On the optimization problem
As we have seen, using the specific distribution of the external inhomogeneous magnetic field (i.e. the specific values of the Larmor frequencies ω i ) one can provide the HPSTs and/or strong entanglements between two different nodes of spin chains. These specific values ω i may be found as a result of optimization problems. Doing such optimization, we have, first of all, to fix a time interval T during which we want to detect a signal (i.e. to observe the high amplitude of either P (t) or C(t)). The value of T depends on the length of the chain.
Thus, in the case shown in Fig.2 one can take T = 50. In general, if S is some set of nodes in spin system and we want to obtain HPST P and /or HPST C between any two nodes of S,
. Most simple is optimization over single parameter, see the second and the third rows in Table I , the 3rd-5th rows in Table II , the first, the 6th and the 7th rows in Table III , the first and the 5th rows in Table IV . Starting with zero value of the optimization parameter and increasing it by step 0.001, we have found such value, which yields satisfactory values of desiable HPSTs parameters, i.e.P n,m and t P n,m (orC n,m and t C n,m ) for some n and m. Optimization over two parameters is more tricky (see the first row in Table I , the first and the second rows in Table II , the second and the third rows in Table III , the second row in Table IV) . One has to scan a two-dimensional space of optimization parameters in this case.
Optimization over three parameters is mostly complicated process used in this paper, see the 4th and the 5th rows in Table III , the 3rd and the 4th rows in Table IV . One has to scan a tree dimensional space of optimization parameters.
Doing each optimization process one has to compromise between the amplitudesP ,C (which must be as high as possible) and the time intervals t P , t C (which must be as short as possible). Parameters represented in Tables I-IV are results of appropriate optimization and "compromise" problems. In other words, our optimization problems do not have unique solutions, so that there are other sets of parameters of HPSTs which defer from those represented in the above Tables. We have found only particular solutions to the problem of the state transfer and entanglemet organization.
Finally note that the feasible length of the spin chains is much bigger than twenty nodes.
It is at least several hundreds nodes. Numerical study of such long chains with dipole-dipole interactions between all nodes is possible due to the fact that we consider the single state transfer in the system governed by the Hamiltonian commuting with the total spin projection I z . This reduces the dimensionality of the Hamiltonian from 2 N to N (N is the number of nodes). However, the optimization of long chains is time consuming process which is not considered in this paper.
We demonstrate that the external inhomogeneous magnetic field may be effectively used in order to arrange the both HPSTs and entanglements between any two nodes in spin-1/2
chains. This is an alternative method to the traditional one where the end-to-end HPST is possible due to the proper values of the coupling constants. The basic advantage of our method is that we minimize requirements to the spin chain as the basic object of a communication channel because a homogeneous chain is most simple for the realization in practice. However, one has to prepare the proper distribution of the magnetic field using some additional environment, which must be done for each particular length of the chain.
We suggest a method to create such magnetic field using a system of direct currents properly placed with respect to the chain. Although we pay most attention to the end-to-end state transfer and entanglement, both the HPST and the entanglement between any two nodes may be organized, which is shown in simple examples of the three-and the four-node chains.
The summary of basic results is below.
1. We suggest a method organizing the quantum state transfer between different nodes of spin-1/2 chains based on the homogeneous chains governed by the XXZ Hamiltonian in the presense of the proper inhomogeneous magnetic field. This is an alternative method to that based on the inhomogeneous chains with homogeneous magnetic field [2, 3, 5, 7] .
2. The proper distribution of the magnetic field may be achieved using the system of direct currents, see Sec.II A.
3. Using the inhomogeneous magnetic field, we arrange the HPST P between any two nodes of the spin chain (not only between the end nodes, see [2, 3, 5, 7] ). Since this question is not trivial even for short chains, we consider the state transfer between all nodes in the chains of three and four nodes, Tables I and II . Regarding the chains of ten and twenty nodes, we obtain only parameters of the end-to-end HPSTs, Tables III   and IV 4. The inhomogeneous magnetic field allows one to realize the strong entanglement between the nth and mth nodes of the chain. We arrange the HPST C between any two
